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Abstract
The analog of the Cachazo - Svrcˇek - Witten rules for scattering amplitudes with
massive quarks is derived following an approach previously employed for amplitudes
with massive scalars. A prescription for the external wave-functions is given that
leads to a one-to-one relation between fields in the action and spin-states of massive
quarks. Several examples for the application of the rules are given and the structure
of some all-multiplicity amplitudes with a pair of massive quarks is discussed. The
rules make supersymmetric relations to amplitudes with massive scalars manifest
at the level of the action. The formalism is extended to several quark flavors with
different masses.
1schwinn@physik.rwth-aachen.de
1 Introduction
In the intriguing diagrammatic construction of Cachazo - Svrcˇek - Witten (CSW) [1] tree
level QCD amplitudes are constructed from vertices that are off-shell continuations of
maximal helicity violating (MHV) amplitudes with two negative helicity gluons and an
arbitrary number of positive helicity gluons [2, 3],
An(g
+
1 , . . . , g
−
i , . . . , g
−
j , . . . g
+
n ) = i2
n/2−1 〈ij〉4
〈12〉 〈23〉 . . . 〈(n− 1)n〉 〈n1〉 (1.1)
where plus and minus labels are connected by scalar propagators. This formalism has
been extended to massless quarks [4] and supersymmetric theories [5]. While recursive
methods [3, 6] tend to lead to more compact analytical expressions and better numerical
performance [7], the CSW rules have been useful in several respects such as one-loop
calculations in supersymmetric [8] and non-supersymmetric gauge theories [9, 10] and the
investigation of multiple collinear and soft limits in QCD [11].
Since the CSW rules were originally motivated by arguments from twistor-string the-
ory [12], they were thought to be limited mainly to massless particles, although extensions
to currents with single color-neutral external massive particles, i.e. electroweak gauge
bosons [13] or Higgs bosons [14], have been found. However, both for phenomenological
and theoretical reasons it is interesting to explore how far these rules can be extended to
massive, colored particles, for instance massive quarks such as the top quark.
Meanwhile several field theoretical derivations of the CSW rules independent of twistor
strings have been given [6,15–19]. Particular interesting for the extension towards massive
particles are derivations of the CSW rules based on field redefinitions in the framework of
light-cone gauge Yang-Mills [17] or the lift of the Yang-Mills action to twistor space [19,
20]. Both of these action-based methods have been used to construct CSW rules for a
propagating massive, colored scalar φ [21,22]. In this derivation the same field redefinition
that results in the CSW rules for massless scalars was applied for a massive scalar. As a
result the transformation of the scalar mass-term gives rise to a tower of vertices with only
positive helicity gluons
VCSW(φ¯1, g
+
2 , . . . φn) = i2
n/2−1 −m2 〈1n〉
〈12〉 . . . 〈(n− 1)n〉 (1.2)
while the remaining vertices are identical to those of massless scalars [5]. Interestingly, the
vertex (1.2) involves only ‘holomorphic’ spinor-products and therefore allows a twistor-
space interpretation of scattering amplitudes with massive scalars [21] that is not obvious
from the explicit results of on-shell scattering amplitudes [23]. The fact that the new
vertex (1.2) for massive scalars is proportional to the mass suggests the possibility of
constructing a systematic expansion of scattering amplitudes in the mass. The leading
term was discussed in [21]. Furthermore, the CSW rules have been used [21] to simplify
the proof of on-shell recursion relations for massive scalars [23, 24].
In this paper the approach of [21,22] is extended to massive quarks, using the same field
redefinitions obtained recently in the derivation of CSW rules for massless quarks [25,26].
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The CSW vertices for massive quarks derived in this paper are related to the massive scalar
vertex (1.2) by the same relations implied by the application of supersymmetric Ward iden-
tities (SUSY-WIs) [27] to scattering amplitudes with massive quarks and scalars [28]. A
similar approach to CSW rules for massive quarks was proposed in [25] where a complica-
tion related to the external polarization spinors of massive quarks was encountered2. As a
result, scattering amplitudes for massive quarks with a given helicity had to be obtained by
adding different amplitudes of the fields appearing in the Lagrangian. In the present paper
it is shown how to avoid these complications by an appropriate choice of the quantization
axis of the massive-quark spin. The rules are also shown to generalize to amplitudes with
several quark flavors of different masses.
The organization of this paper is as follows. As the canonical transformation method
proposed in [17] is based on the light-cone gauge, section 2 reviews the light-cone treatment
of massive quarks, slightly generalizing the treatment given in [17, 25]. It is shown that
an appropriate choice of external spinors can be used to arrive at a one-to-one relation
between the dynamical degrees of freedom present in the light-cone gauge Lagrangian
and the external spin-states, avoiding the complication encountered in [25]. The resulting
Feynman rules are shown to be equivalent to those obtained earlier in a diagrammatic
approach [29]. Section 3 derives the CSW vertices for massive quarks and discusses some
features of the resulting diagrammatics, after summarizing the field redefinitions [18,25,26]
utilized in the derivation. Some examples for the application of the rules are given in
section 4, together with a discussion of the structure of all-multiplicity amplitudes with a
pair of massive quarks and an arbitrary number of positive helicity gluons and one negative
helicity gluon. Finally the extension of the rules to amplitudes with several quark-flavors of
different masses is discussed. The notation used for the color decomposition of scattering
amplitudes and the MHV amplitudes for quarks, the SUSY-WIs relating amplitudes of
massive quarks to those of massive scalars, and some technical details of the derivation of
the vertices are contained in appendices.
2 Light-cone QCD and scalar diagrams with massive quarks
The method for the derivation of the CSW rules introduced in [17,18] and applied to quarks
in [25] uses the light-cone approach to Yang-Mills theory. In this section the treatment
of massive quarks in light-cone Yang-Mills is reviewed and streamlined compared to [25].
The resulting Feynman rules are shown to agree with those obtained previously from a
diagrammatic analysis [29].
2While this paper was in preparation, a revised version of [25] appeared which also states the all-
multiplicity vertices for massive quarks. However, neither a detailed derivation nor non-trivial examples
beyond the three point amplitude are provided.
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2.1 Light-cone QCD
The starting point is the Lagrangian of Yang-Mills theory coupled to a massive quark
LQCD = −1
2
tr[F µνFµν ] + Ψ¯(i /D −m)Ψ (2.1)
where Dµ = ∂µ − igAµ and Aµ = AaµT a with T a the generators in the fundamental repre-
sentation of SU(N). The light-cone gauge is obtained by fixing a light-like vector n+ and
imposing the condition (n+ ·A) = 0. To implement this condition it is useful to decompose
four-momenta and vector fields into light-cone components according to
pµ = p+n−,µ + p−n+,µ + p⊥,µ (2.2)
with two light-like vectors n+, n− normalized according to (n− ·n+) = 1 and with p⊥ ·n+ =
p⊥·n− = 0. Introducing light-like basis vectors nz/z¯ for the transverse components satisfying
(nz · nz¯) = −1 one can further decompose
p⊥,µ = pznz¯,µ + pz¯nz,µ (2.3)
so that p⊥ · k⊥ = −pzkz¯ − pz¯kz. For the moment it is not necessary to specify the basis-
vectors n± and nz/z¯ further.
To incorporate massive quarks it is convenient to follow closely the setup used in the
construction of soft-collinear effective theory [30] for massive quarks [31]. The treatment of
quarks in [17, 25] emerges as a special case for the choice n± = 2
−1/2(1, 0, 0,±1). A Dirac
spinor Ψ and it’s conjugate are decomposed as
Ψ =
/n−/n+
2
χ+
/n+/n−
2
ζ , Ψ¯ = χ¯
/n+/n−
2
+ ζ¯
/n−/n+
2
. (2.4)
In the light-cone gauge (n+ · A) = A+ = 0 the Lagrangian (2.1) becomes
L = tr [(∂+A−)2 − 2∂+A⊥ (∂−A⊥ − ∂⊥A− − ig[A−, A⊥])− F 2zz¯]
+ iχ¯/n+D−χ + iζ¯ /n−∂+ζ −m(χ¯ζ + ζ¯χ) + iχ¯ /D⊥ζ + iζ¯ /D⊥χ . (2.5)
In light-cone quantization ∂− is treated as a time derivative. Since there is no term with
a ∂− derivative acting on the fields A− and ζ , they are considered as non-dynamical and
can be eliminated from the Lagrangian using their equations of motion
A−,ij =
1
∂2+
(
−[D⊥, ∂+A⊥,ij] + g
2
(
χ¯j/n+χi − 1
N
δij(χ¯/n+χ)
))
(2.6)
ζ =
1
2
1
i∂+
(i /D⊥ +m)/n+χ . (2.7)
Here the identity
δAij(x)
δAkl(y)
=
1
2
(
δilδjk − 1
N
δijδkl
)
δ4(x− y) (2.8)
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has been used. To simplify some of the resulting expressions we introduce a notation for
the product of vectors or matrices in color space with the 1/N contribution subtracted:
ψkχl
(
δikδjl − 1
N
δijδkl
)
≡ (ψ ⊗ χ)ij , tr[AB]− 1
N
tr[A] tr[B] ≡ A⊗ B . (2.9)
Inserting the solutions of the equations of motion, the resulting Lagrangian for the
physical degrees of freedom A⊥ and χ has the form
L = LA⊥ + χ¯
[
i∂− + (i /D⊥ −m) 1
2i∂+
(i /D⊥ +m) + g
(
1
∂2+
[D⊥, ∂+A⊥]
)]
/n+χ
+
(g
2
)2
(χ¯/n+χ)⊗ 1
∂2+
(χ¯/n+χ) .
(2.10)
Note that the derivatives in the last term in the square bracket do not act on the fermion
field to the right. The gluon Lagrangian LA⊥ can be grouped into several terms according
to the field content [17]:
LA⊥ = L(2)AzAz¯ + L(3)AzAzAz¯ + L(3)AzAz¯Az¯ + L(4)AzAzAz¯Az¯ . (2.11)
The explicit form will not be needed in the following.
2.2 Two-component form of the Lagrangian
The light-cone formalism is closely related to the spinor-helicity formalism conventionally
used in the CSW rules [17] (see also [32]). Following the notation used in [22], this relation
can be established by introducing a basis (ηα˙, κα˙) of holomorphic spinors and an anti-
holomorphic basis (ηα, κα) normalized according to 〈ηκ〉 = [κη] = √2, where the brackets
are defined as
〈pq〉 = pα˙qα˙, [qp] = qαpα . (2.12)
Here the same conventions for raising and lowering indices as in [22] are used. Translating
from a four-vector to a two-component spinor notation via the mapping nαβ˙ = nµσ¯
µαβ˙ the
basis vectors in the light-cone decomposition can be chosen in terms of the spinor-basis as
nαα˙+ = η
αηα˙, nαα˙− = κ
ακα˙, nαα˙z¯ = κ
αηα˙, nαα˙z = η
ακα˙ . (2.13)
The two-component spinors associated to a momentum p can be expanded in the (η, κ)
bases as
pα = p
−1/2
+ (pz¯ η
α + p+ κ
α) , pα˙ = p
−1/2
+ (pz η
α˙ + p+ κ
α˙) , (2.14)
up to an arbitrary phase. For negative or complex p+ the square root should be interpreted
as p
1/2
+ = |p+|1/2eiφp/2 with the phase defined by p+ = |p+|eiφ+. The expressions of spinor-
products in terms of the light-cone components are given by
〈pk〉 = 23/2 (pzk+ − kzp+)
[ηp][ηk]
, [kp] = 23/2
(kz¯p+ − pz¯k+)
〈ηp〉 〈ηk〉 . (2.15)
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These expressions can also be defined for off-shell (or massive ) momenta since they are
independent of the − components of the momenta. This corresponds to the usual off-shell
continuation in the CSW rules where spinors pα and pα˙ can be associated to an off-shell
momentum p by the decomposition
pα˙pα = pα˙α − p
2
2(p · η)η
α˙ηα . (2.16)
The Dirac spinors used up to now are translated to a two-component notation by writing
Ψ =
(
Ψ+,α˙
Ψ¯α−
)
, Ψ¯ =
(
Ψα˙−, Ψ¯+,α˙
)
. (2.17)
In the two-component notation the definition (2.4) of the light-cone field χ becomes
χ+,α˙ =
1√
2
κα˙(η
β˙Ψ+,β˙) ≡
1√
2
κα˙χ+ , χ¯
α
− = −
1√
2
κα(ηβΨ¯
β
−) ≡ −
1√
2
καχ¯− (2.18)
where a short-hand for the non-vanishing components χ¯− = (ηαχ¯
α
−) and χ+ = (η
α˙χ+,α˙) has
been introduced. For the conjugate spinor the corresponding definitions read χ− = (χ
α˙
−ηα˙)
and χ¯+ = (χ¯+,αη
α). In this notation the Lagrangian (2.10) can be rewritten as
Lχ = χ−
(
i∂− +Dz
1
i∂+
Dz¯ − g 1
∂2+
[D⊥, ∂+A⊥]−m2 1
2i∂+
)
χ¯−
+ χ¯+
(
i∂− +Dz¯
1
i∂+
Dz − g 1
∂2+
[D⊥, ∂+A⊥]−m2 1
2i∂+
)
χ+
+
gm√
2
(
χ−
[
Az,
1
i∂+
]
χ+ − χ¯+
[
Az¯,
1
i∂+
]
χ¯−
)
+
(g
2
)2
(χ¯+χ+ + χ−χ¯−)⊗ 1
∂2+
(χ¯+χ+ + χ−χ¯−) .
(2.19)
Note that the first two lines describe two uncoupled massive fields with the propagator
〈0|T[χ¯−(x)χ−(y)] |0〉 = 〈0|T [χ+(x)χ¯+(y)] |0〉 =
∫
d4p
(2π)4
e−ip(x−y)
2ip+
p2 −m2 . (2.20)
The fields are coupled only through the terms in the last two lines, in particular for van-
ishing mass there is only a quartic coupling.
2.3 External states
In order to calculate scattering amplitudes using the Lagrangian (2.19) the polarization vec-
tors and spinors have to be specified. Here it is desirable to have a simple relation between
the external polarization states and the fields Az/z¯ and χ± appearing in the Lagrangian.
In particular the external states should be chosen in such a way that the non-dynamical
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fields A− and ζ that have been integrated out decouple and do not contribute to correlation
functions. For the polarization vectors of the gluons it is appropriate [17] to use the usual
expressions of the spinor-helicity formalism,
ǫ+,αα˙(k) =
√
2
kαηα˙
〈ηk〉 ; ǫ
−,αα˙(k) =
√
2
ηαkα˙
[kη]
. (2.21)
The reference spinors ηα and ηα˙ are chosen to be identical for all gluons and are taken
to be the same as in the light-cone decomposition (2.13). A similar gauge has been used
in [32]. The relevant light-cone components of the polarization vectors are given by
ǫ+z (k) =
[ηk]
〈kη〉 ǫ
−
z¯ (k) =
〈ηk〉
[kη]
. (2.22)
Therefore the component Az of a gauge field A can be identified with the positive helicity
mode, the component Az¯ with the negative helicity mode. In the conventions used in [22]
these factors can be set to one but this will not be assumed in this section.
There are several options for the definition of the external polarizations of massive
quarks in the framework of the the spinor-helicity formalism [33], either fixing a reference
axis of the quark spin or using physical helicity state. A convenient definition of spinors
with a spin-axis defined in terms of reference spinors q is given by [24, 29]:
v(±) = (/p−m) |q±〉〈p∓ |q±〉 , u¯(±) =
〈q∓| (/p+m)
〈q ∓ |p±〉 . (2.23)
Here the spinors associated to the massive quark momentum p are defined in analogy to
the off-shell continuation (2.16) used in the CSW rules with η replaced by q. Since the
spinors (2.23) have a smooth massless limit, the considerations in this section apply equally
to massless and massive fermions. Because the quantization axis of the quark spin is fixed
by the spinors |q±〉 [33], these reference spinors are not unphysical quantities that have
to drop out in the final result for the helicity amplitude, in contrast to the case of the
gluon polarization vectors. Amplitudes with different spin-axes can be related as discussed
in [24]. In an abuse of notation, the massive quark states labeled by plus and minus labels
will sometimes be denoted as positive or negative helicity states, this should always be
understood as referring to the eigenvalue of the spin projectors.
In [25] a helicity basis for massive quarks was constructed that eliminates the correlation
functions of the non-dynamical components ζ but that does not lead to a one-to-one relation
between polarization states and the light-cone fields so the physical scattering amplitudes
have to be assembled from different correlation functions of the fields in the Lagrangian. In
order to decouple the non-dynamical quark field ζ and to obtain a one-to-one relationship
between the spin-labels and the light-cone quarks fields χ± it is advantageous to use the
quark spinors (2.23) and chose the same reference spinors for all quarks and set them
equal to the spinors η used for the light-cone decomposition. This can be seen by relating
scattering amplitudes to correlation functions of the original fields Ψ using the LSZ formula:
A(. . .Ψk(±)) = lim
k2→m2
i
∫
d4xe−ik·x 〈0|T
[
. . . Ψ¯(x)
] |0〉 (−/k −m)v(k,±) (2.24)
6
= lim
k2→m2
(−i)(k2 −m2)
〈k ∓ |q±〉
∫
d4xe−ik·x
(
〈0|T [. . . χ¯(x)] |0〉 /n+/n−
2
+ 〈0|T
[
. . . ζ¯(x)
] |0〉 /n−/n+
2
)
|q±〉
For the choice |q±〉 = |η±〉 the contribution of the non-dynamical field ζ vanishes. Ex-
pressing the matrix element in terms of an amputated correlation function, one obtains
e.g.:
A(. . .Ψk(+)) = lim
k2→m2
(−i)(k2 −m2)
∫
d4xe−ik·x 〈0|T [. . . χ−(x)] |0〉 1〈kη〉
= 〈. . . χ¯−(k))〉amp [ηk] .
(2.25)
Here the notation introduced in (2.18) was used. In the last step the amputated correla-
tion function has been introduced by stripping off the non-canonically normalized propa-
gator (2.20) connecting χ± and χ¯± and using the identity 2p+ = 〈ηp〉 [pη].
Treating the other polarizations similarly, one arrives at the following results:
A(. . . ,Ψk(+)) = 〈. . . χ¯−(k)〉amp [ηk], A(Ψ¯k(+), . . . ) = 〈χ¯+(k) . . .〉amp [kη] ,
A(. . . ,Ψk(−)) = 〈. . . χ+(k)〉amp 〈ηk〉 , A(Ψ¯k(−), . . . ) = 〈χ−(k) . . .〉amp 〈kη〉 .
(2.26)
Both the external normalization factors in (2.26) and the numerator factor 2p+ in the
propagator can be absorbed in the vertices as discussed below.
2.4 Scalar diagrams for massive quarks
Using the relation between amplitudes of polarized quarks and correlation functions of
light-cone fields in (2.26) it is straightforward to derive diagrammatic rules from the La-
grangian (2.19). In order to work with canonically normalized fields and to make the rela-
tion to the physical polarization states clearer it is convenient to redefine the momentum-
space fields as follows:
χ¯−(k) = Q
+
k [ηk], χ+(k) = Q
−
k 〈ηk〉 ,
χ¯+(k) = Q¯
+
k [kη], χ−(k) = Q¯
−
k 〈kη〉 .
(2.27)
In these conventions, canonically normalized scalar propagators connect plus and minus
labels:
〈0|T
[
Q±(x)Q¯∓(y)
] |0〉 = ∫ d4p
(2π)4
e−ip(x−y)
i
k2 −m2 (2.28)
It is also seen from (2.25) that the redefinitions (2.27) together with the now canonical
propagator ensure that the external wave-function factors are eliminated. The vertices
of the Q fields are obtained from those of the χ fields simply by multiplying with the
appropriate 〈η ± |k∓〉 factors. Indicating the field content, the resulting Lagrangian is of
the schematic form
LQ = L(2)QQ +
∑
λ=±
[
L(3)
Q¯λAzQ−λ
+ L(3)
Q¯λAz¯Q−λ
+ L(4)
QλAzAz¯Q−λ
]
+ L(4)Q4 + Lflip (2.29)
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with
Lflip = L(3)Q¯−AzQ− + L
(3)
Q¯+Az¯Q+
. (2.30)
The kinetic terms and the ‘helicity conserving’ vertices involving opposite labels of the
quarks displayed explicitly in (2.29) arise from the first two lines of the Lagrangian (2.19)
and the four-quark vertices while the terms proportional to m in the third line give rise to
the ‘helicity flip’ vertices with the same labels of the quarks in (2.30).
The vertices for the canonically normalized fields can be read from the Lagrangian (2.19)
and translated to the spinor product notation using (2.15). In order to calculate color-
ordered partial amplitudes as summarized in appendix A, the color matrices and coupling
constants can be stripped off the vertices. For the cubic vertices one obtains, for instance,
V3(Q¯
+
1 , A2,z¯, Q
−
3 ) = i
(
k2,z
k2,+
− k3,z
k3,+
)
[1η] 〈η3〉 ǫ−z¯ (k2)
=
√
2i 〈23〉 [η1]
[η2]
=
√
2i
〈23〉2
〈31〉 , (2.31a)
V3(Q¯
+
1 , A2,z¯, Q
+
3 ) =
im√
2
(
1
k3,+
− 1
k2,3,+
)
[1η][η3]ǫ−z¯ (k2)
= (
√
2im)
〈η2〉2
〈η1〉 〈η3〉 , (2.31b)
V3(Q¯
−
1 , A2,z, Q
−
3 ) =
im√
2
(
1
k2,3,+
− 1
k3,+
)
〈1η〉 〈η3〉 ǫ+z (k2)
= (−
√
2im)
[η2]2
[η1][η3]
= (−
√
2im)
〈13〉2
〈12〉 〈23〉 . (2.31c)
Here all particles are treated as outgoing and the notation ki,j = ki + ki+1 + . . . kj was
introduced. In order to facilitate a later comparison with the CSW rules, the vertices have
been expressed in terms of only holomorphic spinors. The vertices (2.31) agree precisely
with the ones derived in [29] from a diagrammatical analysis of QCD in an axial gauge, up
to possible phase differences due to a different momentum routing along the fermion lines
(compare the discussion in section 3.3).
3 CSW vertices for massive quarks
In this section the Lagrangian (2.19) is used as starting point to derive CSW rules for
massive quarks. The construction follows the approach of [17] where non-local canonical
transformations are used to eliminate non MHV-type vertices in favor of infinite towers
of MHV vertices. This method is briefly reviewed in subsection 3.1 and the expressions
for the field redefinitions for gluons [18] and massless quarks [25] are summarized. The
same expressions can also be obtained in the twistor Yang-Mills approach [22, 26] where
the CSW rules are derived from an action for gauge theory on twistor space by fixing a
particular gauge choice [19, 20].
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The extension of the CSW rules to massive quarks is given in subsection 3.2. There are
in principle several ways to define ‘CSW rules’ for massive quarks:
• Use the same field redefinitions as for massless quarks and insert them into the
light-cone Lagrangian of massive quarks (2.19), together with the transformation of
the gluons. The rules derived in this way will include the same MHV vertices as
for massless quarks and new vertices proportional to m2 or m resulting from the
transformation of the mass-terms and the ‘helicity flip’ vertices in the light-cone
Lagrangian (2.19). This is analogous to the approach used to derive the vertex (1.2)
for massive scalars [21, 22].
• Only transform the gluon fields but not the quark fields. In this approach the vertices
of MHV-type helicity structure will not be given by off-shell continuations of MHV
amplitudes, for instance the 4-quark vertex in the light-cone Lagrangian will not be
dressed with positive helicity gluons. Therefore the massless limit does not reproduce
the usual CSW rules for massless quarks.
• Try to find a mass-dependent redefinition that transforms the mass term into a
quadratic term of the new fields. However, it is unclear that this would lead to a
practical formalism since there are non-vanishing on-shell amplitudes that are appar-
ently eliminated by such a transformation and that would have to be generated in
a different way (presumably from ‘equivalence theorem violations’ [10]). One could
also attempt to eliminate the helicity flip vertices in (2.29) but similar remarks apply
here.
In this work the first approach will be used to define the extension of the CSW rules.
All necessary new vertices present for massive quarks are derived in subsection 3.2. As
suggested by the above remarks, it is doubtful that the other approaches would lead to
simpler rules. Several technical details are relegated to appendix C. The resulting rules
are summarized in 3.3 where also the structure of the resulting tree-diagrams is analyzed.
The vertices obtained using the same method are also stated in the revised version of [25],
however there the treatment of external states led to a more complicated formalism for the
calculation of scattering amplitudes and the structure of the diagrams was not discussed
in detail.
3.1 Field redefinitions and the massless CSW Lagrangian
In the light-cone Lagrangian of the transverse gluonic degrees of freedom (2.11) all terms
apart from the term L(3)AzAzAz¯ have the same helicity structure as the MHV-amplitudes (1.1).
Similarly in the light-cone Lagrangian of massless quarks obtained from (2.29) all the terms
apart from the terms L(3)
Q¯+AzQ−
and L(3)
Q¯−AzQ+
have the right helicity combinations for the
CSW vertices (recall that the helicity flip vertices vanish for massless quarks). It was
therefore proposed in [17] to derive the CSW rules by a transformation to new gluon
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variables B and B¯ and quark variables ψ± and ψ¯± that satisfies the condition∫
d3x
[
L(2)Az¯Az + L(3)AzAzAz¯ + L(2)Q¯Q + L
(3)
Q¯+AzQ−
+ L(3)
Q¯−AzQ+
]
=
∫
d3x
(
L(2)
B¯B
+ L(2)
ψ¯ψ
)
. (3.1)
The precise form of the transformation is further constrained by the requirement to have
a trivial Jacobian. In momentum space, the transformations of Az and Az¯ can be taken to
have the form
Ap,z =
∞∑
n=1
∫
1...n
Y(p, k1, . . . , kn)B−k1 . . . B−kn , (3.2)
Ap,z¯ =
∞∑
n=1
n∑
s=1
∫
1...n
X s(p, k1, . . . , kn)B−k1 . . . B−ks−1
(
(ks)+
p+
B¯−ks
)
B−ks+1 + Ap,z¯|ψψ¯ . (3.3)
where a delta-function implementing momentum conservation, (2π)3δ3(p +
∑
i ki) is kept
implicit. The integration measure is defined by∫
1...n
=
n∏
i=1
∫
dki+dkizdkiz¯
(2π)3
. (3.4)
The explicit solutions of the gluon transformation have been obtained using the canonical
approach in [18]. In the present conventions the solutions read
Y(p, k1, . . . , kn) = (g
√
2)n−1 〈ηp〉2
〈η1〉 〈12〉 . . . 〈(n− 1)n〉 〈nη〉 , (3.5)
X s(p, k1, . . . , kn) = −k
s
+
p+
Y(p, k1, . . . , kn) = − (g
√
2)n−1 〈ηs〉2
〈η1〉 〈12〉 . . . 〈(n− 1)n〉 〈nη〉 . (3.6)
The coefficients (3.5) and (3.6) have also been derived from the twistor Yang-Mills ap-
proach [22]. These expressions hold for spinor phase conventions where the external wave-
function factors of the gluons are trivial, i.e. where 〈ηk〉 = [kη] = √2k0. These conventions
will be adopted in the remainder of this subsection and in 3.2. The final results for the
diagrammatic rules are independent of this assumption since modifications in the coeffi-
cients of the field redefinitions will be compensated by non-trivial external wave-function
factors (2.22).
The additional term in the transformation of Az¯ in (3.3) involving quark fields has the
form
p+(Ap,z¯)|ψ¯ψ =
∞∑
n=2
n−1∑
s=1
∑
λ=±
∫
1...n
Ksλ(p, k1, . . . kn)
(
B−k1 . . . ψ
−λ
−ks
)⊗(ψ¯λ−ks+1 . . . B−kn) . (3.7)
The explicit expressions for the coefficients read in our conventions
Ks−(p, k1, . . . , kn) = −
(g
√
2)n−1 〈η(s+ 1)〉3 〈ηs〉
〈η1〉 〈12〉 . . . 〈(n− 1)n〉 〈nη〉 ,
Ks+(p, k1, . . . , kn) =
(g
√
2)n−1 〈ηs〉3 〈η(s+ 1)〉
〈η1〉 〈12〉 . . . 〈(n− 1)n〉 〈nη〉 .
(3.8)
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These results are obtained from [25] by translating their expressions to spinor bracket
notation using (2.15) and by taking the redefinitions (2.27) into account in order to work
with trivial external normalization factors and canonical scalar propagators.
The Ansatz for the transformations of the fermions is taken as
Q±p =
∞∑
n=1
∫
1...n
Σ±(p, k1, . . . , kn)
(
B−k1 . . . B−kn−1Ψ
±
−kn
)
(3.9)
with the coefficients [25, 26]3
Σ+(p, k1, . . . , kn) = −(g
√
2)n−1
〈ηp〉
〈η1〉 〈12〉 . . . 〈(n− 1)n〉 ,
Σ−(p, k1, . . . , kn) = (g
√
2)n−1
〈ηn〉2
〈η1〉 〈12〉 . . . 〈(n− 1)n〉 〈ηp〉 .
(3.10)
These results are consistent with the proposed transformation of the light-cone N = 4
superfield [34]. The same coefficients enter the transformations of the conjugate spinors
which we write for clarity as
Q¯±p =
∞∑
n=1
∫
1...n
Σ¯±(p, k1, . . . , kn)
(
Ψ¯±−k1B−k2 . . . B−kn
)
(3.11)
with
Σ¯+(p, k1, . . . , kn) = (g
√
2)n−1
〈ηp〉
〈12〉 . . . 〈(n− 1)n〉 〈nη〉 ,
Σ¯−(p, k1, . . . , kn) = −(g
√
2)n−1
〈η1〉2
〈ηp〉 〈12〉 . . . 〈(n− 1)n〉 〈nη〉 .
(3.12)
The coefficients of the transformation for the quarks are related in a simple way to the
coefficients Z in the corresponding transformation of scalars [22]:
Σ+(p, k1, . . . , kn) = −〈ηp〉〈ηn〉Z(p, k1, . . . kn), Σ
−(p, k1, . . . , kn) =
〈ηn〉
〈ηp〉Z(p, k1, . . . kn) .
(3.13)
In the next step the field redefinitions given above are inserted into the massless light-
cone Lagrangian LA⊥ +LQ, where the helicity flip vertices in the quark Lagrangian (2.29)
vanish in the massless limit. Using the fact that the redefinitions satisfy the condition (3.1)
and conserve the number of negative helicity gluons it is seen that the new Lagrangian only
contains vertices with the helicity content of MHV amplitudes:
LA⊥ + LQ = L(2)BB¯ + L
(2)
ψ¯ψ
+
∞∑
n=3
[
L(n)
B¯B...B¯B...
+ L(n)
ψ¯,B...B¯B...ψ
]
+
∞∑
n=4
L(n)
ψ¯B...ψψ¯B...ψ
. (3.14)
3 Compared to [26] the role of barred and unbarred fields is exchanged in (2.17) so the formulas in [26]
translate to the present notation as (ν¯α˙, να)→ (χα˙
−
, χ¯α
−
) and (ν¯, ν)→ (Q¯−, Q+).
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The gluon vertices in momentum space take the form
L
(n)
B¯B...B¯B...
=
∫
d3xL(n)
B¯B...B¯B...
=
1
2
n∑
j=2
∫
1...n
VB¯1,B2,...B¯j ,...Bn tr
(
B¯k1 . . . B¯kj . . . Bkn
)
. (3.15)
It has been argued [17] and explicitly checked up to n = 5 [18] that the coefficients
VB¯1,...B¯i,......Bn are just the MHV amplitudes (1.1) continued off-shell according to the pre-
scription (2.16). Similarly the triple and quartic quark vertices with the MHV helicity
structure get dressed with infinitely many positive helicity gluons and are transformed into
the appropriate vertices
L
(n)
ψ¯,B...B¯B...ψ
=
∑
λ=±
n−1∑
j=2
∫
1...n
Vψ¯λ1 ,B2,...B¯j ,...ψ−λn
(
ψ¯λk1 . . . B¯kj . . . ψ
−λ
kn
)
, (3.16)
L
(n)
ψ¯B...ψψ¯B...ψ
=
∑
λ,σ=±
n−1∑
j=2
∫
1...n
[
Vψ¯λ1B2...ψ−σj ψ¯σj+1Bj+2...ψ−λn (ψ¯
λ
k1Bk2 . . . ψ
−σ
kj
)(ψ¯σkj+1Bkj+2 . . . ψ
−λ
kn
)
+
1
N
Vψ¯λ1B2...ψ−λj ψ¯σj B...ψ−σn (ψ¯
λ
k1Bk2 . . . ψ
−λ
kj
)(ψ¯σkj+1Bkj+2 . . . ψ
−σ
kn
)
]
. (3.17)
Because of the the additional quark contributions in the transformation of ∂+Az¯ in (3.7), the
transformations of the vertices are more intricate than in the pure gluon case, for instance
the two-quark MHV vertices receive contributions from four sources: the transformed
quark-gluon vertices L(3)
Q¯±Az¯Q∓
and L(4)Q±AzAz¯Q∓, but also from the cubic and quartic gluon
vertices L(3)AzAzAz¯ and L(4)AzAzAz¯Az¯ .
One can argue [25] that the vertex functions in (3.16) and (3.17) are indeed off-shell
continuations of the MHV amplitudes summarized in appendix A. This argument is based
on the fact that the vertices must reproduce the on-shell MHV amplitudes, the fact that
they are independent of the k− components of the momenta, and that singularities in the
coefficients of the field redefinitions that could lead to contributions to on-shell scattering
amplitudes [10] are limited to the three-point vertices (see also [22]). It also has been
checked explicitly that the four- and five point MHV vertices with a quark pair and the
four-quark four-point MHV vertex are obtained correctly [25]. Additional evidence comes
from the fact that the transformations also can be obtained in the twistor-Yang-Mills
approach [26] that has been used earlier to derive the CSW rules including quarks [19].
The color structures of the vertices (3.16) and (3.17) agrees with that of the corre-
sponding amplitudes reviewed in appendix A. It is also seen that color-ordered diagrams
computed with these vertices give rise to the associated color structures. As example con-
sider a diagram with a two-quark MHV vertex (3.16) and a gluonic MHV vertex (3.15) of
the structure
Vψ¯+1 ,BP ,Bj+1...B¯l,...ψ−n (T
a1T aPT aj+1 . . . T an)i1in
i
P 2
VB¯PB2...B¯i...Bj tr[T aPT a2 . . . T aj ]
⇒
(
Vψ¯+1 ,BP ,Bj+1...B¯l,...ψ−n
i
P 2
VB¯PB2...B¯i...Bj
)
(T a1T a2 . . . T an)i1in . (3.18)
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Here the color Fierz-identity (A.5) was applied to get the second line. The 1/N term in
the Fierz identity gives rise to a term proportional to the trace tr[T a2 . . . T aj ] that vanishes
since the gluonic MHV vertices satisfy a U(1) decoupling identity [35]. For four-quark
amplitudes both leading and sub-leading contributions are generated:
Vψ¯+1 ,B2...Bi−1,B¯P ,Bj+1,...ψ−n (T
a1 . . . T aP . . . T an)i1in
i
P 2
Vψ¯+i+1Bi+2...B¯jBPψ−i (T
ai+1 . . . T aPT ai)ii+1,ii
⇒
(
Vψ¯+1 ,B2...Bi−1,B¯P ,Bj+1,...ψ−n
i
P 2
Vψ¯+i+1Bi+2...B¯jBPψ−i
)[
(T a1 . . . T ai)i1ii(T
ai+1 . . . T an)ii+1in
− 1
N
(T a1 . . . T ai−1T aj+1 . . . T an)i1in(T
ai+1 . . . T ajT ai)ii+1ii
]
. (3.19)
Therefore this diagram contributes both to the leading and sub-leading color-amplitudes
An(ψ¯1, B2, . . . ψi, ψ¯i+1, . . . B¯j, ψn) , Bn(ψ¯1, . . . Bi−1, Bj+1, . . . ψn; ψ¯i+1, . . . B¯j , ψi) .
(3.20)
appearing in the color decomposition (A.4). This structure is easy to visualize in the
double line notation, see (A.6). The leading color structure arises from the ‘U(N)-gluon’
propagator with one color-line connecting ψ¯1 to ψi and the other line connecting ψ¯i+1 to
ψn. The sub-leading structure is due to the ‘U(1)-gluon’ where the color-flow agrees with
the fermion-number flow. Also the 4-quark MHV vertices (3.17) contribute to both leading
and sub-leading color structures.
3.2 Derivation of CSW vertices for massive quarks
In this subsection the new CSW vertices for massive quarks will be derived. As outlined
in the beginning of this section, following the method used to derive the CSW rules for a
colored massive scalar [21, 22] the same field redefinitions as in the massless case will be
inserted into the massive Lagrangian. This results in the same vertices as in the CSW
rules for massless quarks and additional vertices proportional to the mass. All vertices not
present already for massless quarks will be derived explicitly, leaving technical details to
appendix C.
Analogously to the scalar vertex (1.2), vertices proportional tom2 and with an arbitrary
number of positive-helicity gluons arise from inserting the field redefinitions into the mass
terms in the first two lines of (2.19), e.g.:∫
d3x
(−m2Q¯−Q+) = ∞∑
n=2
∫
1...n
Vψ¯−1 ,B2,...Bn−1,ψ+n
(
ψ¯−k1Bk2 . . . Bkn−1ψ
+
kn
)
. (3.21)
The close similarity of the transformations of quarks and scalars (3.13) also implies a
simple relation between the vertex functions of fermions and scalars. Indeed one finds for
the explicit expression of the vertex functions:
Vψ¯−1 ,B2,...Bn−1,ψ+n = −
〈η1〉
〈ηn〉Vφ¯1,B2,...Bn−1,φn =
−m2(g√2)n−2 〈1n〉 〈η1〉
〈12〉 . . . 〈(n− 1)n〉 〈nη〉 . (3.22)
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Therefore these vertices manifestly respect the SUSY-WI (B.3) of the corresponding on-
shell amplitudes. Note that the vertices depend explicitly on the spinor |η+〉. This reflects
the dependence of scattering amplitude on the spin quantization axis.
In addition to the vertices generated by the transformation of the mass term, also the
helicity flip vertices L(3)
Q¯−AzQ−
and L(3)
Q¯+Az¯Q+
give rise to new towers of vertices. Inserting
the field redefinitions, the Q¯−AzQ
− helicity flip vertex (2.31c) becomes:∫
d3xLQ¯−AzQ− =
∞∑
n=2
∫
1...n
Vψ¯−1 ,B2,...Bn−1,ψ−n
(
ψ¯−k1Bk2 . . . Bkn−1ψ
−
kn
)
. (3.23)
The vertex function is given in terms of the coefficients (3.5) and (3.10):
Vψ¯−1 ,B2,...,ψ−n =
gm√
2
n−2∑
i=1
n−1∑
j=i+1
[(
1
k(i+1,n),+
− 1
k(j+1,n),+
)
〈k1,iη〉 〈ηkj+1,n〉
×Σ¯−(−k1,i, k1, . . . ki)Y(−ki+1,j, ki+1, . . . kj)Σ−(−kj+1,n, kj+1, . . . kn)
]
.
(3.24)
The somewhat tedious evaluation of the double sum is described in appendix C. As a
result one obtains the simple expression
Vψ¯−1 ,B2,...,...Bn−1,ψ−n =
−m(g√2)n−2 〈1n〉2
〈12〉 . . . 〈(n− 1)n〉 =
〈1n〉
m
Vφ¯1,B2,...Bn−1,φn . (3.25)
As indicated, this vertex satisfies the same SUSY-WI (B.4) as the corresponding on-shell
amplitude.
The last remaining vertex in the Lagrangian (2.19) that is proportional to the mass
is the helicity flip vertex Q¯+Az¯Q
+ (2.31b). As in the previous case the field redefinitions
dress the vertex with an arbitrary number of positive helicity gluons. In addition, however,
the quark-contribution in the transformation of Az¯ (3.7) leads to additional towers of four-
quark vertices: ∫
d3xLQ¯+Az¯Q+ =
∞∑
n=3
L
(n)
Q¯+,B...B¯B...Q+
+
∞∑
n=4
L
(n)
Q¯+,B...QQ¯B...Q+
. (3.26)
The two-quark terms are of the form
L
(n)
Q¯+,B...B¯B...Q+
=
∫
1...n
n−1∑
s=2
Vψ¯+1 ,B2,...B¯s,...,Bn−1,ψ+n
(
ψ¯+k1Bk2 . . . B¯ks . . . Bkn−1ψ
+
kn
)
(3.27)
where the vertex function is obtained by inserting the field redefinitions (3.6) and (3.10):
Vψ¯+1 ,B2,...,B¯s,...,ψ+n =
gm√
2
s−1∑
i=1
n−1∑
j=s
[(
1
k(i+1,n),+
− 1
k(j+1,n),+
)
ks+
k(i+1,j),+
[ηk1,i][kj+1,nη]
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×Σ¯+(−k1,i, k1, . . . ki)X s(−ki+1,j , ki+1, . . . kj)Σ+(−kj+1,n, kj+1, . . . kn)
]
=
m(
√
2g)n−2
〈12〉 . . . 〈(n− 1)n〉
〈ηs〉2 〈1s〉 〈sn〉
〈η1〉 〈ηn〉 . (3.28)
Details are again provided in appendix C. In agreement with the SUSY-WI (B.6) the
vertex (3.28) vanishes for the choice |η+〉 = |s+〉. The new four-quark vertices with a
helicity flip on one of the quark lines indicated in (3.26) are of the form:
L
(n)
ψ¯+B...ψψ¯B...ψ+
=
∑
σ=±
n−1∑
s=2
∫
1...n
[
Vψ¯+1 B2...ψ−σs ψ¯σs+1Bs+2...ψ+n (ψ¯
+
k1
Bk2 . . . ψ
−σ
ks
)(ψ¯σks+1Bks+2 . . . ψ
+
kn
)
+
1
N
Vψ¯+1 B2...ψ+s ψ¯σsB...ψ−σn (ψ¯
+
k1
Bk2 . . . ψ
+
ks
)(ψ¯σks+1Bks+2 . . . ψ
−σ
kn
)
]
. (3.29)
The calculation of the coefficients is identical to the previous case of the two-quark helicity
flip vertex (3.28), up to the replacement of ks+X s by Ks± and a change of the lower bound
of the j-summation to s+ 1. The resulting vertices are
Vψ¯+1 ,B2,...,ψ−s ,ψ¯+s+1,...Bn−1,ψ+n = −
m(
√
2g)n−2 〈1s〉 〈(s+ 1)n〉
〈12〉 . . . 〈(n− 1)n〉
〈ηs〉2
〈η1〉 〈ηn〉 , (3.30)
Vψ¯+1 ,B2,...,ψ+s ,ψ¯−s+1,...Bn−1,ψ+n =
m(
√
2g)n−2 〈1s〉 〈(s+ 1)n〉
〈12〉 . . . 〈(n− 1)n〉
〈η(s+ 1)〉2
〈η1〉 〈ηn〉 . (3.31)
This completes the derivation of the new vertices required in the CSW rules for massive
quarks.
3.3 Diagrammatic rules and discussion
For convenience, we collect the vertices derived in the previous subsection and give some
comments on their application and the structure of the resulting diagrams. The vertices
needed for the computations of color-ordered partial amplitudes in the conventions sum-
marized in appendix A are obtained from the vertex functions V derived in the previous
subsection simply by dropping the coupling-constant factors (and multiplying by i).
There is one subtlety for the CSW rules with internal fermion lines [13]. In the conven-
tions used up to now all momenta were treated as outgoing. These are also the conventions
used for the MHV amplitudes in appendix A. However, after summing over helicity com-
binations of internal quark lines the CSW diagrams should reconstruct the usual Dirac
propagators where the momentum flows along the fermion line. Therefore in the rules
given in the following the momenta of all outgoing anti-quarks (denoted by ψ) will be
reversed so they are treated as incoming quarks instead. In the conventions used in [29]
massless and massive spinors with opposite momenta are related by |(−k)±〉 = i |k±〉 and
iu(k,±) = v(−k,±) if k0 > 0. To obtain vertices for incoming quarks one therefore has to
multiply the amplitude for outgoing anti-quarks by a factor of −i for every ψ in addition
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to reversing the momenta (assuming that the incoming quarks have positive energy). It
turns out that all vertices are homogenous of degree 1 in the spinors associated to quarks or
anti-quarks with a minus label and homogenous of degree (−1) in the spinors associated to
quarks or anti-quarks with a plus label. This implies that flipping the anti-quark momenta
gives a sign-change for each ψ+ while there is no change for ψ−.
Taking the above conventions into account, we can now list all the vertices for the
massive CSW rules. The vertices present both for massless and massive quarks are given
by off-shell continuations of the MHV amplitudes for two or four quarks in the fundamental
representation:
VCSW(B¯1, B2, . . . B¯i, . . . , Bn) = i2
n/2−1 〈1i〉4
〈12〉 . . . 〈(n− 1)n〉 〈n1〉 , (3.32)
VCSW(ψ¯
−
1 , B2, . . . B¯i, . . . ψ
+
n ) = i2
n/2−1 〈1i〉3 〈in〉
〈12〉 . . . 〈(n− 1)n〉 〈n1〉 , (3.33)
VCSW(ψ¯
−
1 , B2, . . . ψ
+
i , ψ¯
−
i+1 . . . ψ
+
n ) = −i2n/2−1
〈1i〉 〈(i+ 1)n〉 〈1(i+ 1)〉2
〈12〉 . . . 〈(n− 1)n〉 〈n1〉 , (3.34)
VCSW(ψ¯
−
1 , B2, . . . ψ
−
i , ψ¯
+
i+1 . . . ψ
+
n ) = −i2n/2−1
〈1i〉3 〈(i+ 1)n〉
〈12〉 . . . 〈(n− 1)n〉 〈n1〉 . (3.35)
The new vertices only present for massive quarks are given by ‘helicity conserving’ vertices
proportional to m2 generated from the transformation of the mass term:
VCSW(ψ¯
−
1 , B2, . . .Bn−1, ψ
+
n ) = i2
n/2−1m2
〈η1〉 〈1n〉
〈12〉 . . . 〈(n− 1)n〉 〈nη〉 ,
VCSW(ψ¯
+
1 , B2, . . .Bn−1, ψ
−
n ) = i2
n/2−1m2
〈1n〉 〈nη〉
〈η1〉 〈12〉 . . . 〈(n− 1)n〉 ,
(3.36)
helicity flip vertices for a single quark pair:
VCSW(ψ¯
−
1 , B2, . . . Bn−1, ψ
−
n ) = −i2n/2−1m
〈1n〉2
〈12〉 . . . 〈(n− 1)n〉 , (3.37)
VCSW(ψ¯
+
1 , B2, . . . , B¯i, . . . ψ
+
n ) = −i2n/2−1m
〈1i〉 〈in〉
〈12〉 . . . 〈(n− 1)n〉
〈ηi〉2
〈η1〉 〈ηn〉 , (3.38)
and four-quark vertices that flip the helicity of a single quark line:
VCSW(ψ¯
+
1 , B2, . . . ψ
−
i , ψ¯
+
i+1 . . . ψ
+
n ) = i2
n/2−1m
〈1i〉 〈(i+ 1)n〉
〈12〉 . . . 〈(n− 1)n〉
〈ηi〉2
〈η1〉 〈ηn〉 ,
VCSW(ψ¯
+
1 , B2, . . . ψ
+
i , ψ¯
−
i+1 . . . ψ
+
n ) = i2
n/2−1m
〈1i〉 〈(i+ 1)n〉
〈12〉 . . . 〈(n− 1)n〉
〈η(i+ 1)〉2
〈η1〉 〈ηn〉 .
(3.39)
The propagators are given by i/(p2−m2) for the quarks and i/p2 for the gluons and connect
plus and minus labels of the vertices. The color structure of the new vertices for massive
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quarks is identical to those for massless quarks. Therefore the leading and sub-leading color
structures arise in the same way as discussed at the end of subsection 3.1. Note that the
vertices presented in the revised version of [25] involve non-canonically normalized fields so
one has to take the normalization factors in (2.26) into account to compare to their results.
For off-shell particles and external on-shell massive quarks the spinors in these vertices
are continued off-shell according to the prescription (2.16) which amounts to the replace-
ment
〈1i〉 → 〈η + |/k1|i+〉
[η1]
(3.40)
for a massive or off-shell particle with momentum k1 and a spinor |i+〉 associated to a
light-like momentum. Since the prescription (3.40) also has to be applied for external
massive quarks, the anti-holomorphic spinor products like [η1] introduced by the off-shell
continuation (3.40) of external massive momenta are not guaranteed to cancel out in the
final amplitude. This is in contrast to the CSW rules for massless particles, where only
spinor products for internal off-shell momenta have to be continued and the denomina-
tors of (3.40) always cancel between different vertices. The remaining dependence of the
massive quark amplitudes on |η−〉 (as well as the explicit dependence of some vertices on
|η+〉) reflects the dependence on the quantization axis of the massive quark spin. Also
note that—in contrast to the massless case [36]—the off-shell continuation using (2.16) is
not equivalent to the original prescription [1] that amounts to dropping the denominator
in (3.40). For massive scalars [21,22], η-independence of scattering amplitudes follows from
the independence of amplitudes on the vector defining the gauge choice η · A = 0. In this
case, both prescriptions for the off-shell continuation are equivalent since all vertices are
homogenous of degree zero in spinors associated to massive scalars (see e.g. (1.2)) so the
denominators from (3.40) cancel as they must.
The structure of the amplitudes constructed using the above rules has some similarities
to the rules of [29] reviewed in section 2.4. Defining the degree of a vertex or of an
amplitude as the number of ‘−’-labels minus one, only vertices of degree zero and one
occur. Furthermore, the degree of an amplitude is the sum of the degrees of the vertices.
Since all the vertices of the massless CSW rules have degree one, exactly d of these vertices
contribute to an amplitude with with d + 1 ‘−’ labels. These massless MHV vertices
have to be dressed in all possible ways by the degree-zero m2 vertex (3.36). In contrast,
the number of helicity flip vertices (3.37)–(3.39) in a diagram is bounded in terms of the
degree of the amplitude [29]. For an amplitude with one massive quark pair and the helicity
configuration ψ+ψ¯− the total number of helicity flips f is bounded by the degree d of the
amplitude as
f+− ≤ 2d (3.41)
which follows from the fact that the helicity flips must occur in pairs and the vertex (3.37)
has degree one. Similarly for the helicity configuration ψ+ψ¯+ (ψ−ψ¯−) the total number of
flips is bounded by
f±± ≤ 2d± 1. (3.42)
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Figure 4.1: Topologies contributing to four-point amplitudes with a massive quark pair
Therefore the structure of diagrams in the massive CSW rules is intermediate to that in the
light-cone formalism of [29] and the massless CSW rules: all gluonic degree-zero vertices
are eliminated by the field redefinition so that the number of diagrams is smaller than in
the light-cone formalism, but in contrast to the massless CSW formalism the total number
of vertices is not fixed by the degree of the amplitude.
4 Simple applications and extension to different quark flavors
In this section we give some simple examples for the applications of the rules derived in
section 3 and present the extension to amplitudes with quarks of different masses. Subsec-
tion 4.1 contains some explicit examples for the application of the rules to diagrams with
up to five external legs, in subsection 4.2 the structure of some all-multiplicity amplitudes
is discussed and it is shown that they satisfy the appropriate SUSY-WIs. In subsection 4.3
the rules are generalized to several quark flavors with different masses.
4.1 Examples
In order to check that the rules derived in the previous section give the correct scattering
amplitudes for massive quarks, we will consider some simple explicit examples.
Amplitudes with a pair of massive quarks and only positive helicity gluons are directly
proportional to scalar amplitudes due to the SUSY-WIs (B.3)–(B.4). In particular, the
fact that the scalar three-point m2 CSW vertex VCSW(φ¯, B, φ) obtained from (1.2) agrees
with the corresponding vertex in the usual spinor-helicity formalism if all external lines are
on-shell [21] (which is possible for complex external momenta) implies the same property
for the corresponding quark vertices, i.e. the three-point vertices obtained from (3.36)
and (3.37). Therefore no ‘equivalence theorem violating’ contributions [10] arise for these
vertices, in agreement with the general discussion in [22]. Amplitudes with one negative
helicity gluon are only determined by scalar amplitudes for a particular choice of the
reference spinors so they provide more interesting tests of the rules. Both the helicity flip
three point vertex obtained from (3.38) and the MHV vertex (3.33) are in agreement with
the corresponding light-cone vertices (2.31) so no equivalence theorem evasion arises in this
case either.
To demonstrate the application of the massive CSW rules, four point amplitudes with
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one negative helicity gluon will be discussed in detail. In this case of course the am-
plitudes can be simply obtained from Feynman diagrams; the results are summarized in
appendix D. The three topologies contributing to the massive CSW diagrams for general
helicity combinations are shown in figure 4.1. The helicity flip amplitude with two neg-
ative helicity quarks has degree two, so according to the discussion in section 3.3 every
diagram must contain one flip-vertex (3.37) and one massless MHV vertex. Since there is
no four-point vertex of degree two, only the second and third diagram in 4.1 contribute.
Using the off-shell continuation (3.40) and applying momentum conservation one obtains
An(ψ¯
−
1 , B¯2, B3, ψ
−
4 ) =
−2 〈12〉2
〈k1,21〉
i
k21,2 −m2
m 〈k1,24〉2
〈k1,23〉 〈34〉 +
−2m 〈14〉2
〈1k2,3〉 〈k2,34〉
i
k22,3
〈k2,32〉3
〈23〉 〈3k2,3〉
= 2im
[ 〈η + |/k1|2+〉 [η3]2
2(k1 · k2)[η1][4η][2η] +
[η3]3
[η1][4η][η2][32]
]
=
(2im)[3η]2 〈2− |/k1|3−〉
[η1][4η][32]2(k1 · k2) (4.1)
where in the last step Dirac algebra was used to combine the two terms. The same expres-
sion can be obtained from the Feynman diagram result (D.1). As anticipated below (3.40),
the off-shell continuation has introduced a dependence on the anti-holomorphic spinor
products [η1] and [η4].
For the helicity flip amplitude for two positive helicity quarks there is a contribution
from the four-point vertex in figure 4.1 but in this case the diagram with the gluonic MHV
vertex does not contribute since it would require a quark vertex with only plus labels. The
diagrams from the CSW rules simplify to
An(ψ¯
+
1 , B¯2, B3, ψ
+
4 ) =
−2im 〈η2〉2 〈24〉
〈η1〉 〈23〉 〈34〉 〈η4〉 +
−√2im 〈η2〉2
〈η1〉 〈ηk1,2〉
i
k21,2 −m2
−√2im2 〈ηk1,2〉 〈k1,24〉
〈k1,23〉 〈34〉 〈η4〉
=
−2im 〈η2〉2
〈η1〉 〈3 + |/k4|η+〉 〈η4〉
[〈2− |/k4|η+〉
〈23〉 −
m2[η3]
2(k1 · k2)
]
=
2im 〈η2〉2 〈3 + |/k1|2+〉
〈η1〉 〈η4〉 2(k1 · k2) 〈23〉 . (4.2)
In the last step we have used momentum conservation and Dirac algebra to write 2(k1 ·
k2) 〈2− |/k4|η+〉 = −〈2− |/k1|3−〉 〈3 + |/k4|η+〉 −m2 〈2− |/k3|η−〉. This result can be seen
to be identical to that obtained from the Feynman result (D.1).
Finally, all topologies in figure 4.1 contribute to the helicity conserving amplitudes.
One finds, for example
A4(ψ¯
−
1 , B¯2, B3, ψ
+
4 ) =2i
〈12〉2 〈24〉
〈23〉 〈34〉 〈41〉 +
−√2im2 〈14〉 〈η1〉
〈1k2,3〉 〈k2,34〉 〈η4〉
i
k22,3
√
2i 〈k2,32〉3
〈23〉 〈3k2,3〉
+
√
2i 〈12〉2
〈k1,21〉
i
k21,2 −m2
−√2im2 〈k1,24〉 〈ηk1,2〉
〈k1,23〉 〈34〉 〈η4〉 .
(4.3)
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5
Figure 4.2: Topologies contributing to the five-point helicity flip amplitude with a massive
quark pair with positive helicity and a negative helicity gluon adjacent to a massive quark.
For the choice |η−〉 = |3−〉 the last two terms drop out and one finds in agreement
with (D.1):
A4(ψ¯
−
1 , B¯2, B3, ψ
+
4 )||η−〉=|3−〉 = 2i
〈3 + |/k1|2+〉2
2(k3 · k4) 〈23〉 [32]
〈η1〉 〈η − |/k4|3−〉
〈η4〉 〈η − |/k1|3−〉 (4.4)
As an example for a five point function consider the helicity flip amplitude with two
positive helicity quarks and a negative helicity gluon adjacent to a quark. Since this is a
degree zero amplitude, according to (3.42) there can be only one helicity flip vertex (3.38) in
each diagram, combined in all possible ways with the vertex (3.36). As shown in figure 4.2
there are four contributing diagrams, in contrast to six diagrams in the usual color-ordered
Feynman rules. As discussed in [21] the three-point vertex with gluon B4 in the last two
diagrams vanishes for the choice |η−〉 = |4−〉. The remaining two diagrams give
A5(Q¯
+
1 , g
−
2 , g
+
3 , g
+
4 , Q
+
5 ) =
23/2im 〈η2〉2
〈η1〉 〈η5〉 〈34〉 y1,3
[〈2− |/k5|4−〉
〈23〉 +
m2 〈4 + |/k1,2|3+〉 [34]
y1,2 〈4 + |/k5|3+〉
]
.
(4.5)
with yi,j = k
2
i,j −m2. This agrees numerically with the result (D.2) obtained from on-shell
recursion relations.
4.2 Structure of simple all-multiplicity amplitudes and SUSY-WIs
In this subsection a recursive construction of amplitudes for a massive quark pair and an
arbitrary number of positive helicity gluons and no or one negative helicity gluon is used
to show that these amplitudes manifestly satisfy the SUSY-WIs reviewed in appendix B if
they are calculated using the massive CSW rules.
Amplitudes with only positive-helicity gluons can be obtained recursively from a rela-
tion involving currents with one off-shell quark (denoted by a hat), as shown in figure 4.3:
An(
̂¯ψσ11 , B2, ..., ψσnn )
=
n−1∑
j=2
∑
σ=±
Vj+1,CSW(ψ¯
σ1
1 , B2..., Bj , ψ
σ
k1,j
)
i
k21,j −m2
An−j+1(
̂¯ψ−σk1,j , Bj+1, . . . ψσnn ) . (4.6)
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n−1
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̂¯
ψλ11
ψλnn
Figure 4.3: Recursive construction of amplitudes with only positive helicity gluons. The
grey blobs denote amplitudes with one off-shell leg and the white blob denotes the ver-
tex (3.36) or (3.37)
Recall that gluons and ψ¯ fields are treated as outgoing and ψ fields as incoming. The
two-point function is defined as A2(
̂¯ψ±p , ψ∓p ) = (−i)(p2 − m2). Using (4.6) iteratively,
the n-particle amplitude is expressed as a sum of diagrams with 1, 2, . . . n − 2 massive
quark-vertices, (3.36) or (3.37) depending on the helicity configuration, summed over all
possible distributions of the gluons. Since there is no vertex with only B-fields and quarks
with plus labels, the all-plus amplitude vanishes. The scalar amplitudes constructed using
the vertex (1.2) and a recursive definition analogous to (4.6) have been shown to satisfy
the appropriate on-shell recursion relation [21] so this property is inherited by the quark
amplitudes, once it is demonstrated that these satisfy the appropriate SUSY-WIs (B.3)
and (B.4). Since all massive CSW vertices contain only holomorphic spinor products, the
twistor-space properties of massive quark amplitudes are analogous to those of scalars [21],
i.e. each term in the sum in (4.6) localizes on a set of lines in twistor space, connected by
scalar propagators.
For the helicity conserving amplitudes An(ψ¯
+
1 , B2, ..., ψ
−
n ) only the σ = − term in the
sum over helicities contributes so only the vertices (3.36) appear. Since these are related to
the scalar vertices by the relation (3.22) it follows by an inductive argument as in [28] that
the quark scattering amplitudes are related by the SUSY-WI (B.3) to the corresponding
scalar amplitudes. For the helicity flip amplitudes An(ψ¯
−
1 , B2, ..., ψ
−
n ) both terms in the
sum over helicities contribute. Assuming the one-particle off-shell currents with up to n−1
legs satisfy the SUSY-WI (B.4) and using the relation of the vertices (3.36) and (3.37) to
the scalar vertex (1.2) one obtains from (4.6)
An(
̂¯ψ−1 , B2, ..., ψ−n ) = n−1∑
j=2
Vj+1,CSW(φ¯1, B2..., Bj, φ−k1,j)
i
k21,j −m2
×( 〈η1〉
〈ηk1,j〉
〈k1,in〉
m
+
〈1k1,i〉
m
〈ηn〉
〈ηk1,j〉
)
An−j+1(
̂¯φk1,j , Bj+1, . . . φn)
=
〈1n〉
m
An(
̂¯φ1, ..., , φn)) .
(4.7)
Therefore the amplitude satisfies (B.4) by induction, as was to be shown.
The structure of amplitudes with one negative-helicity gluon is more involved. As
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ψλ11
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ψλnn
Figure 4.4: Recursive construction of amplitudes with one negative helicity gluon. Grey
blobs denote amplitudes with one off-shell leg and white blobs denote CSW vertices.
shown in figure 4.4 there are three different types of contributions to the off-shell recursion
relations:
An(
̂¯ψσ11 , B2, ..., B¯i, Bi+1, . . . ψσnn )
=
∑
σ=±
(
i−1∑
j=2
Vj+1,CSW(ψ¯
σ1
1 , B2..., ψ
σ
k1,j
)
i
k21,j −m2
An−j+1(
̂¯ψ−σk1,j , Bj+1, . . . , B¯i, . . . , ψσnn )
+
n−1∑
j=i
Vj+1,CSW(ψ¯
σ1
1 , B2..., B¯i, . . . , Bj , ψ
σ
k1,j
)
i
k21,j −m2
An−j+1(
̂¯ψ−σk1,j , Bj+1, . . . , ψσnn )
+
i∑
j=2
n−1∑
k=i
n−1∑
l=k+1
Vl+j−k+1,CSW(ψ¯
σ1
1 , B2..., Bj−1Bkj,k , Bk+1, . . . , Bl, ψ
σ
k1,l
)×
i
k2j,k
Vk−j+2CSW(B¯−kj,kBj , . . . B¯i, . . . Bk)
i
k21,l −m2
An−l+1(
̂¯ψ−σk1,l, Bl+1, . . . , ψσnn )
)
. (4.8)
The case j = k = i in the above sum has to be dropped since it would lead to a two point
function with two negative helicity gluons. The amplitude with one negative helicity gluon
enters itself in the first term on the right-hand side that contributes only for i ≥ 3. Note
that in contrast to the conventional Berends-Giele relations [3] only MHV vertices and not
the much more complicated off-shell MHV currents are required in (4.8)4.
The expression (4.8) for the amplitudes with one negative helicity gluon can be used
to check the SUSY-WIs (B.6) and (B.7). For the helicity flip amplitude with two positive
helicity quarks the sum over quark helicities collapses and the last term in (4.8) does not
contribute so the recursion simplifies to
An(
̂¯ψ+1 , B2, ..., B¯i, Bi+1, . . . ψ+n )
=
i−1∑
j=2
Vj+1,CSW(ψ¯
+
1 , B2..., ψ
−
k1,j
)
i
k21,j −m2
An−j+1(
̂¯ψ+k1,j , Bj+1, . . . , B¯i, . . . , ψ+n )
4I thank German Rodrigo for stressing this point.
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+
n−1∑
j=i
Vj+1,CSW(ψ¯
+
1 , B2..., B¯i, . . . , Bj, ψ
+
k1,j
)
i
k21,j −m2
An−j+1(
̂¯ψ−k1,j , Bj+1, . . . , ψ+n ) . (4.9)
After re-inserting the recursive expression for the amplitude in the first term on the right-
hand side, it is seen that all terms involve the helicity flip vertex (3.38). Since this vertex
vanishes for the choice of the reference spinor |η+〉 = |i+〉, the amplitude automatically
satisfies the SUSY-WI (B.6).
For the helicity-conserving amplitude entering the SUSY-WI (B.7) the sum over helic-
ities also simplifies for the choice |η+〉 = |i+〉 and one obtains (here it is understood that
the same reference spinor is used everywhere on the right-hand side)
An(
̂¯ψ+1 , B2, ..., B¯i, Bi+1, . . . ψ−n )||η+〉=|i+〉
=
i−1∑
j=2
Vj+1,CSW(ψ¯
+
1 , B2..., ψ
−
k1,j
)
i
k21,j −m2
An−j+1(
̂¯ψ+k1,j , Bj+1, . . . , B¯i, . . . , ψ−n )
+
n−1∑
j=i
Vj+1,CSW(ψ¯
+
1 , B2..., B¯i, . . . , Bj , ψ
−
k1,j
)
i
k21,j −m2
An−j+1(
̂¯ψ+k1,j , Bj+1, . . . , ψ−n )
+
i∑
j=2
n−1∑
k=i
n−1∑
l=k+1
Vl+j−k+1,CSW(ψ¯
+
1 , B2..., Bj−1Bkj,k , Bk+1, . . . ψ
−
k1,l
)×
i
k2j,k
Vk−j+2CSW(B¯−kj,kBj , . . . B¯i, . . . Bk)
i
k21,l −m2
An−l+1(
̂¯ψ+k1,l , Bl+1, . . . , ψ−n ) . (4.10)
In the second term, the helicity flip vertex (3.38) has dropped out due to the choice of
reference spinor. The corresponding amplitude for scalars, An(
̂¯φ1, B2, ..., B¯i, Bi+1, . . . φn) is
given by an identical expression with the obvious replacement ψ → φ everywhere.
It is easily seen by induction that the n-particle amplitude satisfies the SUSY-WI (B.7)
if it is satisfied for the amplitudes with up to n − 1 external particles. For instance, in
the first term on the right-hand side, the m2 CSW vertex (3.22) is related to the scalar
vertex (1.2) by a factor 〈k1,ji〉 / 〈1i〉 while the lower point amplitudes by assumption satisfy
the identity (B.7). This combines to an over-all factor 〈ni〉 / 〈1i〉, as required. In the second
term on the right-hand side the quark MHV-vertex (3.33) is related to the corresponding
scalar vertex [5] by a factor 〈k1,ii〉 / 〈1i〉 while the validity of the relation (B.3) for the
off-shell amplitudes with positive helicity gluons was just demonstrated below eq. (4.6) so
again this term has the form required by (B.7). The third term works out analogously.
4.3 Different quark flavors
As an extension of the rules for a single massive quark discussed up to now, consider QCD
with Nf flavors of quarks with different masses:
LQCD = −1
2
tr[F µνFµν ] +
Nf∑
a=1
Ψ¯a(i /D −ma)Ψa . (4.11)
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Of particular interest for the purpose of phenomenology is the case of a single massive
quark and the remaining quarks massless, that is relevant for the calculation of amplitudes
for the production of a pair of top quarks and several jets. The derivation of the light-cone
Lagrangian goes through as in section 2, the only difference being the equation of motion
of the A− component of the gluon (2.6) that now includes a sum over the quark flavors:
A−,ij =
1
∂2+
(
[D⊥, ∂+A⊥,ij ] +
∑
a
g
2
(
χ¯a,j/n+χa,i − 1
N
δij(χ¯a/n+χa)
))
. (4.12)
Eliminating A− by the equation of motion then introduces off-diagonal four-quark terms
in the Lagrangian (2.10) while all other terms are flavor-diagonal:
L = LA⊥ +
∑
a
χ¯a
[
i∂− + (i /D⊥ −ma) 1
2i∂+
(i /D⊥ +ma) + g
(
1
∂2+
[D⊥, ∂+A⊥]
)]
/n+χa
+
∑
a,b
(g
2
)2
(χ¯a/n+χa)⊗ 1
∂2+
(χ¯b/n+χb) . (4.13)
The only modification required in the derivation of the rules in section 3.3 is the expression
for the conjugate gluon momentum Az¯ (3.7) that now contains a sum over quark flavors:
p+(Ap,z¯)|ψ¯ψ =
Nf∑
a=1
∞∑
n=2
n−1∑
s=1
∑
λ=±
∫
1...n
Ksλ(p, k1, . . . kn)
(
B−k1 . . . ψ
−λ
a,−ks
)⊗ (ψ¯λa,−ks+1 . . . B−kn) .
(4.14)
Since the field redefinitions used in the derivation of the rules are independent on the mass,
the coefficients K are the same for all quark flavors.
The resulting CSW rules will therefore consist of Nf copies of the 2-quark vertices from
section 3.3 with the obvious replacement m→ ma for each flavor. The only modification of
the rules arises for the four-quark vertices that become off-diagonal in the flavors. For the
massless MHV four-quark vertices, the new structure arises both because of the modifica-
tion of the four-quark term in (4.13) and the Az¯ transformation (4.14). The corresponding
term in the CSW Lagrangian (3.17) is modified to
L
(n)
ψ¯B...ψψ¯B...ψ
=
∑
a,b,λ,σ
n−1∑
j=2
∫
1...n
[
Vψ¯λa,1B2...ψ−σb,j ψ¯σb,j+1Bj+2...ψ−λa,n(ψ¯
λ
a,k1Bk2 . . . ψ
−σ
b,kj
)(ψ¯σb,kj+1, . . . ψ
−λ
a,kn
)
+
1
N
Vψ¯λa,1B2...ψ−λa,j ψ¯σb,jB...ψ−σb,n (ψ¯
λ
a,k1Bk2 . . . ψ
−λ
a,kj
)(ψ¯σb,kj+1, . . . ψ
−σ
b,kn
)
]
.
(4.15)
The vertex functions are unchanged and given by the four-quark MHV amplitudes as before.
The four-point helicity flip vertices (3.39) become off-diagonal in the flavors because of the
sum over quark flavors in the expression of Az¯:
L
(n)
ψ¯+B...ψψ¯B...ψ+
=
∑
a,b,σ
n−1∑
j=2
∫
1...n
[
Vψ¯+a,1B2...ψ−σbj ψ¯σb,j+1Bj+2...ψ+a,n(ψ¯
+
a,k1
Bk2 . . . ψ
−σ
b,kj
)(ψ¯σb,kj+1 . . . ψ
+
a,kn
)
24
+
1
N
Vψ¯+a,1B2...ψ+a,jψ¯σb,jB...ψ−σb,n (ψ¯
+
a,k1
Bk2, . . . ψ
+
a,kj
)(ψ¯σb,kj+1, . . . ψ
−σ
b,kn
)
]
. (4.16)
Again the vertex coefficients are unchanged up to the replacement m→ ma:
VCSW(ψ¯
+
a,1, B2, . . . ψ
−
b,i, ψ¯
+
b,i+1 . . . ψ
+
a,n) = i2
n/2−1ma
〈1i〉 〈(i+ 1)n〉
〈12〉 . . . 〈(n− 1)n〉
〈ηi〉2
〈η1〉 〈ηn〉 ,
VCSW(ψ¯
+
a,1, B2, . . . ψ
+
b,i, ψ¯
−
b,i+1 . . . ψ
+
a,n) = i2
n/2−1ma
〈1i〉 〈(i+ 1)n〉
〈12〉 . . . 〈(n− 1)n〉
〈η(i+ 1)〉2
〈η1〉 〈ηn〉 ,
(4.17)
with the same expressions for the color suppressed vertices.
As a simple check of these rules, one can calculate four-quark amplitudes with one heavy
quark pair Q¯Q and one massless quark pair qq¯. It is easily seen that the only contribution
to helicity flip amplitudes with two positive helicity massive quarks are the four-point
vertices obtained from (4.17) and that the results agree with the expression (D.3) obtained
from a Feynman diagram calculation.
The helicity conserving amplitude receives contributions from the vertex (3.33) and a
diagram with two cubic vertices:
A4(Q¯
+
1 , q
+
2 , q¯3
−, Q−4 ) = −i23/2
[
〈34〉2
〈23〉 〈41〉 +
m2 〈η4〉 〈14〉
〈η1〉 〈1k2,3〉 〈k2,34〉
1
k22,3
〈3(−k2,3)〉2
〈23〉
]
(4.18)
where in this case k2,3 = k2−k3. For the choice |η−〉 = |2−〉 the second term vanishes and
one gets
A4(Q¯
+
1 , q
+
2 , q¯3
−, Q−4 ) = −i23/2
〈3− |/k4|2−〉 〈η − |/k1|2−〉
〈η1〉 [42] 〈23〉 [23] (4.19)
in agreement with the Feynman diagram result (D.5) for this choice of |η−〉.
5 Conclusions and outlook
In this paper a method to derive CSW-like rules for colored massive particles introduced
previously for massive scalars [21, 22] was extended to massive quarks. Simple rules were
obtained by using the same auxiliary spinors to define the off-shell continuation of spinor
products and the quantization axis of the heavy quark spin, avoiding complications en-
countered in an earlier proposal [25]. The structure of the resulting tree diagrams was
discussed and several simple examples for the application of the rules have been given.
The rules have also been extended to amplitudes with quarks of different masses.
The rules presented here could be useful in several respects. As shown in [22] the CSW
rules for a massive scalar can in principle be applied to calculate the rational part of gluon
amplitudes in pure Yang-Mills theory. The contribution of a (massless) quark loop to the
four-point amplitude with only positive helicity gluons can be obtained by a calculation
identical to the one in [22]. It would be interesting to see if the rules discussed in the
present paper can also be useful in one-loop calculations of amplitudes for the production
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of top-quarks and jets at hadron colliders. The CSW rules for massive quarks could also
be suitable for the simplification of proofs of on-shell recursion relations for massive quarks
that turn out to be rather tedious for some helicity combinations [24]. Finally, the fact
that the new vertices for massive quarks are proportional to the mass suggests a possibility
to derive a systematic expansion of scattering amplitudes in the quark mass.
The derivation of the rules was based on applying field redefinitions obtained in the
framework of canonical transformations [18, 25] and twistor methods [22, 26] to the QCD
Lagrangian in light-cone gauge. It would be interesting to give a direct construction of
an action in twistor space [19, 20] that leads to the same rules as the ‘twistor inspired’
derivation given here. This is not entirely obvious since the lifting formulas for quarks
to twistor space [26] are somewhat more complicated than the one for scalars [22]. It is
also worthwhile to revisit the CSW rules for electroweak currents [13] in the light of the
derivation of the CSW rules using canonical field redefinitions. Similarly to the related
example of CSW rules for an effective Higgs-gluon coupling [22] a derivation of these
rules in the twistor Yang-Mills approach results in additional vertices not presented in the
previous literature [37]. The CSW rules for massive quarks are also expected to generalize
to a direct coupling of the Higgs boson to top quarks. This might be useful in order to go
beyond the large top mass limit used in previous applications of the CSW rules to Higgs
boson scattering amplitudes.
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A Color decomposition and MHV amplitudes
This appendix summarizes the conventions for the decomposition of the full amplitude An
into gauge invariant partial amplitudes An [3,35] and the results for the MHV amplitudes
with one or two pairs of massless quarks. In this appendix the standard conventions are
used where all momenta are treated as outgoing. For amplitudes with a single pair of
quarks a suitable decomposition is given by
An(Q¯1, g2, g3, ..., gn−1, Qn)
= gn−2
∑
σ∈S2,n−1
(T aσ(2) ...T aσ(n−1))i1in An
(
Q¯1, gσ(2), ..., gσ(n−1), Qn
)
. (A.1)
Here S2,n−1 denotes the permutations of the n − 2 elements in the set (2, . . . n − 1). The
partial amplitudes are calculated from color-ordered diagrams using Feynman rules given
e.g. in [29]. The MHV amplitudes with a pair of massless quarks, one negative helicity
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gluon and an arbitrary number of positive helicity gluons are given by
An,MHV(Q¯
−
1 , g
+
2 , . . . g
−
i , . . .Q
+
n ) = −i2n/2−1
〈1i〉3 〈in〉
〈12〉 . . . 〈(n− 1)n〉 〈n1〉 , (A.2)
An,MHV(Q¯
+
1 , g
+
2 , . . . g
−
i , . . .Q
−
n ) = i2
n/2−1 〈1i〉 〈in〉3
〈12〉 . . . 〈(n− 1)n〉 〈n1〉 . (A.3)
For amplitudes with two quark pairs the color structure is more complicated since
contributions suppressed by the number of colors N also have to be taken into account.
For two different quark flavors Q and q the decomposition can be written as
An+4(Q¯p¯, Qp, q¯k¯, qk, g1, . . . gn) =
gn−2
2
n∑
i=0
∑
σ∈S1,i
∑
σ∈Si+1,n
×
[
(T aσ(2)...T aσ(i))ip¯jk (T
aσ(i+1)...T aσ(n))jk¯ip An(Q¯p¯, g1, , . . . gi, qk, q¯k¯, gi+1, ..., gn, Qp)
− 1
N
(T aσ(2)...T aσ(i))ip¯ip (T
aσ(i+1) ...T aσ(n))jk¯jk Bn(Q¯p¯, g1, , . . . gi, Qp; q¯k¯, gi+1, ..., gn, qk)
]
.
(A.4)
In the cases i = 0 and i = n one of the strings of generators reduces to a Kronecker delta.
For amplitudes with two pairs of identical quark flavors one has to subtract the right hand
side after exchanging Qp ↔ qk.
The sub-leading color structures arise because of the color Fierz-identity
T aijT
a
kl =
1
2
(
δilδjk − 1
N
δijδkl
)
(A.5)
It is convenient to discuss this in the color-flow representation (see e.g. the lectures by
Dixon in [35]) where gluons are depicted by double lines and quarks by single lines. The
color Fierz-identity (A.5) implies that a gluon propagator connecting two quark pairs
decomposes into a leading color U(N) piece and a color-suppressed U(1) piece:
T aijT
a
kl
j
i
k
l
⇒
δilδjk
j
i
k
l
− 1
N
δijδkl
j
i
k
l
(A.6)
The color-ordered four-quark MHV amplitudes for amplitudes with two different (mass-
less) quark flavors contain only positive helicity gluons and two negative helicity quarks.
They are given by
An(Q¯1, g
+
2 , , . . . g
+
i−1, qi, q¯i+1, g
+
i+2, ..., g
+
n−1, Qn) = −i2n/2−1
(−1)σj1j2 〈j1j2〉2 〈1i〉 〈(i+ 1)n〉
〈12〉 . . . 〈(n− 1)n〉 〈n1〉
(A.7)
where j1 and j2 are the two negative helicity quarks and σ1,i+1 = σi,n = 0, σ1,i = σi+1,n = 1.
The expression for the color suppressed MHV partial-amplitudes Bn is identical (up to the
obvious relabeling of the momenta).
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B Supersymmetric Ward identities
Scattering amplitudes with massive quarks can be related through supersymmetric Ward
identities to amplitudes of massive scalars [28]. For this purpose, QCD with a massive quark
was embedded in a supersymmetric Yang-Mills theory with gluons and gluinos, massive
quarks Q and two complex massive scalars φ+ and φ−. The external quark states defined
by the spinors (2.23) are related to the scalars by SUSY transformations parameterized by
an anti-commuting spinor κ
δκQ¯
± = Γ±κ (k)φ¯
± − Σ∓κ (k, q)φ¯∓, δκφ¯± = Γ∓κ (k)Q¯± + Σ∓κ (k, q)Q¯∓,
δκQ
± = −Γ±κ (k)φ± + Σ∓κ (k, q)φ∓, δκφ± = −Γ∓κ (k)Q± − Σ∓κ (k, q)Q∓.
where
Γ±κ (k) =
√
2 〈κ± |k∓〉 , Σ±κ (k, q) =
√
2m
〈q ± |κ∓〉
〈q ± |k∓〉 . (B.1)
For the choice |κ+〉 ∝ θ |q+〉, with a Grassmann number θ, the terms proportional to the
mass drop out and the transformations are identical to those of massless particles.
For amplitudes with only positive helicity gluons one finds the identity [28]
〈κ1〉A(Q¯+1 , g+2 , . . . , Q−n ) +m
〈qκ〉
〈q1〉A(Q¯
−
1 , g
+
2 , . . . , Q
−
n ) = 〈κn〉A(φ¯+1 , g+2 , . . . , φ−n ) . (B.2)
Amplitudes with gluinos generated by SUSY transformations of the gluons can be shown to
vanish at tree level. Setting |κ+〉 ∝ θ |q+〉 or |κ+〉 ∝ θ |1+〉 one of the helicity combinations
on the left-hand side can be eliminated. In this way one finds the identities
A(Q¯+1 , g
+
2 , . . . , Q
−
n ) =
〈nq〉
〈1q〉A(φ¯
+
1 , g
+
2 , . . . , φ
−
n ) , (B.3)
A(Q¯−1 , g
+
2 , . . . , Q
−
n ) =
〈1n〉
m
A(φ¯+1 , g
+
2 . . . , φ
−
n ) . (B.4)
In a similar way one gets
A(Q¯−1 , g
+
2 , . . . , Q
+
n ) = −
〈1q〉
〈nq〉A(φ¯
−
1 , g
+
2 , . . . , φ
+
n ) . (B.5)
The amplitudes with a single negative helicity gluon satisfy simple SUSY-WIs provided
the reference spinor is fixed in terms of the momentum of the negative helicity gluon,
|q+〉 = |j+〉,
An(Q¯
+
1 , g
+
2 , . . . , g
−
j , . . . , Q
+
n )
∣∣
|q+〉=|j+〉
= 0, (B.6)
An(Q¯
+
1 , g
+
2 , . . . , g
−
j , . . . , Q
−
n )
∣∣
|q+〉=|j+〉
=
〈nj〉
〈1j〉An(φ¯
+
1 , g
+
2 , . . . , g
−
j , . . . , φ
−
n ), (B.7)
An(Q¯
−
1 , g
+
2 , . . . , g
−
j , . . . , Q
+
n )
∣∣
|q+〉=|j+〉
= −〈1j〉〈nj〉An(φ¯
−
1 , g
+
2 , . . . , g
−
j , . . . , φ
+
n ). (B.8)
In these identities Q denotes an outgoing anti-quark. For the conventions used in the rules
given in 3.3 there is a sign change in the identities (B.5) and (B.8)
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C Derivation of the helicity flip vertices
In this appendix the details of the derivation of the helicity flip vertex (3.24) and (3.28)
will be filled in.
The helicity flip vertex with two negative helicity quarks is given in terms of the rede-
fined fields in (3.24). Inserting the explicit form of the field redefinitions, this becomes
Vψ¯−1 ,B2,...,Bn−1,ψ−n = −m(
√
2g)n−2
〈η1〉2 〈ηn〉2
〈12〉 . . . 〈(n− 1)n〉Sψ¯−1 ,B2,...Bn−1,ψ−n (C.1)
where the following two-fold sum was introduced:
Sψ¯−1 ,B2,...Bn−1,ψ−n =
n−2∑
i=1
n−1∑
j=i+1
[(
1
k(j+1,n),+
+
1
k(1,i),+
)
(k(i+1,j),+) 〈i(i+ 1)〉 〈j(j + 1)〉
〈ηi〉 〈η(i+ 1)〉 〈jη〉 〈η(j + 1)〉
]
.
(C.2)
To perform the double sum, write k(i+1,j) = −(k1,i+ kj+1,n) in the first term. Applying
the identity [22]
n−1∑
i=j
(kj,i)+ 〈i(i+ 1)〉
〈iη〉 〈η(i+ 1)〉 =
〈η + |/kj,n−1|n+〉
2 〈ηn〉 (C.3)
and the so called eikonal identity (see e.g. [35]) one of the sums in each of the terms in the
resulting expression can be performed leading to
Sψ¯−1 ,B2,...Bn−1,ψ−n =
n−2∑
i=1
1
k(1,i),+
〈η + |/ki+1,n|n+〉 〈i(i+ 1)〉
2 〈ηi〉 〈η(i+ 1)〉 〈ηn〉
+
n−1∑
j=2
〈j(j + 1)〉
〈η(j + 1)〉 〈ηj〉
(
− 〈η + |/k1,j|j+〉
2k(j+1,n),+ 〈ηj〉 +
〈1j〉
〈η1〉 〈ηj〉
)
.
(C.4)
Using momentum conservation to introduce a common factor of /k1,i, the terms with i > 2
in the first sum and the first term in the second sum (up to i = n − 2) can be combined
using the Schouten identity. The result involves 〈η + |/k1,i|η+〉 = 2k(1,i)+ in the numerator
that cancels against the denominator. Then everything is of the right shape to be combined
with the remaining terms of the j-sum and the i = 1 term by another application of the
Schouten identity. The final sum in the resulting expression can be performed using the
eikonal identity:
Sψ¯−1 ,B2,...Bn−1,ψ−n =
〈1n〉
〈ηn〉 〈η1〉
n−1∑
i=1
〈i(i+ 1)〉
〈ηi〉 〈η(i+ 1)〉 =
〈1n〉2
〈ηn〉2 〈η1〉2 . (C.5)
Inserting this expression into (C.1) one obtains the result for the vertex function announced
in (3.37).
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The helicity flip vertex with two positive helicity quarks (3.28) is derived in a similar
way. Factoring out the factors common to all terms, the vertex function can be written as
Vψ¯+1 ,B2,...,B¯s,...Bn−1,ψ+n ≡ m(
√
2g)n−1
〈ηs〉4
〈12〉 . . . 〈(n− 1)n〉Sψ¯+1 ,B2,...,B¯s,...,Bn−1,ψ+n . (C.6)
In this case the evaluation of the double sum contained in the quantity Sψ¯+1 ,B2,...,B¯s,...,Bn−1,ψ+n
is simpler since all explicit occurrences of + components of momenta can be eliminated us-
ing momentum conservation and the sums can be evaluated by two subsequent applications
of the eikonal identity:
Sψ¯+1 ,B2,...,B¯s,...,ψ+n = −
s−1∑
i=1
n−1∑
j=s
[(
1
k(j+1,n),+
+
1
k(1,i),+
)
(k(1,i),+)(k(j+1,n),+) 〈i(i+ 1)〉 〈j(j + 1)〉
(k(i+1,j),+) 〈iη〉 〈η(i+ 1)〉 〈jη〉 〈η(j + 1)〉
]
=
s−1∑
i=1
n−1∑
j=s
[ 〈i(i+ 1)〉 〈j(j + 1)〉
〈iη〉 〈η(i+ 1)〉 〈jη〉 〈η(j + 1)〉
]
=
〈1s〉 〈sn〉
〈η1〉 〈ηs〉2 〈ηn〉 .
(C.7)
Inserting this into (C.6) one obtains the result given in (3.28).
D Four- and five point amplitudes with massive quarks
In order to compare to results from the CSW rules we collect some results for four and
five point amplitudes with massive quarks. All results follow the conventions discussed in
section 3.3, i.e. Q denotes an incoming quark. From a Feynman diagram calculation one
obtains the four point amplitude with a massive quark pair and one negative helicity gluon
as
A(Q¯σ11 , g
−
2 , g
+
3 , Q
σ4
4 ) = i
〈3 + |/k1|2+〉
2(k1 · k2)(k2 · k3) u¯(k1, σ1) (|2+〉 〈3+|+ |3−〉 〈2−|) u(k4, σ4) . (D.1)
Using on-shell recursion relations for ‘stripped amplitudes’ with the quark polarization
spinors removed [38] one finds for the 2-quark three gluon amplitudes with a negative
helicity gluon adjacent to a massive quark
A5(Q¯
σ1
1 , g
−
2 , g
+
3 , g
+
4 , Q
σ5
5 ) =
23/2i
〈4− |/k2,3/k1|2+〉
[
〈2− |/k5/k1|2+〉
〈23〉 〈34〉 k22,4
u¯(k1, σ1)
(
/k3,4 |2+〉 〈2−| − |2+〉 〈2−| /k3,4
)
)u(k5, σ5)
− m 〈3 + |/k1|2+〉 [34]
y1,2y1,3[32]
u¯(k1, σ1)
(|2+〉 〈3+| /k1,2 +m |3−〉 〈2−|)u(k5, σ5)
]
. (D.2)
We will also consider four-quark amplitudes with two massive quarks Q and two mass-
less quarks q. The results from conventional Feynman rules are
A4(Q¯
+
1 , q
+
2 , q¯3
−, Q+4 ) =
2im 〈η3〉 〈2 + |/k3|η+〉
〈1η〉 〈η4〉 (k2 − k3)2 =
2im 〈η3〉2
〈1η〉 〈4η〉 〈23〉 , (D.3)
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A4(Q¯
+
1 , q
−
2 , q¯3
+, Q+4 ) =
2im 〈η2〉2
〈1η〉 〈4η〉 〈23〉 (D.4)
A4(Q¯
+
1 , q
+
2 , q¯3
−, Q−4 ) ,=
−2i
〈1η〉 [η4](k2 − k3)2
(
〈2 + |/k1|η+〉 〈η + |/k4|3+〉+m2[2η] 〈η3〉
)
.
(D.5)
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